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A model is suggested that describes tensile plastic deformation of fine-grained FCC alloys 
with three-dimensional composition undulation. Within the model, composition undulation 
is approximated by spherical inclusions, which envelope the region of highest and lowest 
solute concentration. It is assumed that these inclusions can increase the yield strength due 
to their misfit stresses and, in addition, initiate the cross-slip of screw dislocations that oth-
erwise tend to move in a planar mode. The initiation of additional dislocation slip systems 
reduces the dislocation mean slip path, which increases the dislocation density, enhances 
strain hardening and thereby increases the ultimate strength and ductility of alloys. It is 
demonstrated that the maximum ultimate strength can be achieved either at low or at high 
values of the composition undulation wavelength, while the uniform elongation slightly 
decreases with an increase in the composition undulation wavelength. 
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1.	 INTRODUCTION

Achieving a combination of ultra-high strength and high 
tensile ductility is a critical challenge in the design of mod-
ern structural materials [1,2]. Face-centered cubic (FCC) 
alloys, including high-entropy alloys  (HEAs) and medi-
um-entropy alloys (MEAs), are used in many engineering 
applications due to their inherent strength and promising 
strain-hardening capabilities  [3,4]. However, tradition-
al strengthening mechanisms, such as grain refinement 
or precipitation strengthening, often significantly reduce 
ductility, leading to a long-standing trade-off between 
strength and ductility [2,5]. To overcome this limitation, 
studies have been conducted on chemical heterogeneities 
at the nanoscale level within a single-phase solid solution. 
One type of such heterogeneities is composition undula-
tion, which represents continuous, quasi-periodic spatial 
fluctuations in atomic concentration [1,5].

Composition undulations create an oscillating lattice 
strain field that roughens the dislocation slip path without 

introducing sharp interphase boundaries [6]. The most ef-
fective method for generating these undulations is through 
spinodal decomposition, a phase separation mechanism 
that occurs spontaneously within the spinodal region of a 
thermodynamically unstable solid solution  [6]. In HEAs 
and MEAs, this process can be controlled via aging to 
produce undulations with wavelengths typically ranging 
from a few to tens of nanometers [7]. Recent studies have 
demonstrated that composition undulations can also be 
created through electrochemical dealloying [8] or additive 
manufacturing [9].

The impact of composition undulation on strength and 
ductility has been demonstrated for several alloy classes. 
An example is the NiCo solid solution, where engineered 
composition undulations resulted in a significant increase 
in the ultimate strength while preserving substantial 
uniform elongation  [1]. Similarly, composition undula-
tions were studied for other systems, such as refractory 
HEAs  (e.g., Ti-Zr-Hf-Nb system), where spinodally de-
composed structures suppress brittle failure [7].
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The mechanisms of strengthening associated with 
composition undulations incorporate the interaction of 
dislocations with misfit stresses, their motion in the vary-
ing stacking fault energy landscape  [1], and dislocation 
interactions and tangling, which are enhanced by compo-
sition undulations [5,10–12]. This can promote the gener-
ation of dislocation networks and thereby resist the strain 
localization that typically leads to early necking and fail-
ure [13]. Recent studies have confirmed that composition 
undulations can allow the material to activate additional 
plasticity mechanisms, such as transformation-induced 
plasticity  (TRIP), at high stress levels, further delaying 
failure [14,15]. 

Recently, we have studied the combined effect of com-
position undulations on the yield strength increase due to 
the misfit stresses and stacking fault energy variation and 
strain hardening associated with the formation of sessile 
dislocations at the dislocation pinning points [16]. How-
ever, it was demonstrated [17] that in FCC alloys, dislo-
cation pinning points can also initiate cross-slip of screw 
dislocations, leading to the activation of multiple slip 
systems followed by an abrupt decrease in the dislocation 
mean slip and increase in strain hardening. The aim of the 
present paper is to theoretically study the effect of misfit 
stresses and dislocation cross-slip associated with compo-
sition undulations in fcc alloys on their strain hardening, 
strength and ductility. 

2.	 MODEL

Consider a plastically deformed annealed fine-grained 
alloy with three-dimensional composition undulation. 
We examine the situation where composition undulation 
is isotropic. In the case where composition undulation is 
caused by spinodal decomposition, this means that there 
no preferable directions for the decomposition. In this 
case, the regions of highest or lowest solute concentration 
are spherical. For this situation, following Ref.  [16], we 
neglect the heterogeneity of the solute concentration both 
inside and outside such regions and approximate these 
regions as coherent spherical inclusions with a constant 
concentration of solutes located in an infinite matrix with 
another constant concentrations of solute atoms. For this 
case, the average radius of the model inclusions can be 
related to their volume fraction Vi and the wavelength λ 
as [16]: 1/3[3 / (32 )] .ir V= π λ

The difference between the concentrations of solute 
atoms inside and outside the inclusions leads to a differ-
ence  (misfit) in the lattice parameters of the matrix and 
inclusions and, as a consequence, creates misfit stress-
es that elastically interact with moving dislocations 
during plastic deformation of the alloy. The misfit  f that 
defines the relative difference in the crystal lattice pa-
rameters of inclusions and the matrix can be defined as 

(1/ )( / ) ,mf a a c c= ∂ ∂ ∆  where am is the crystal lattice pa-
rameter of the matrix, and a is the crystal lattice parameter 
of the solid solution, which depends on the solute con-
centration c, and Δc is the amplitude of the composition 
undulation. For simplicity, here we neglect the effect of 
the difference in the elastic moduli of the matrix and in-
clusions and model the matrix and inclusions as elastical-
ly isotropic regions with the same elastic constants (shear 
modulus G and Poisson’s ratio ν). 

It is known (e.g., Ref.  [18]) that the contribution of 
the inclusions to the yield strength does not depend on the 
sign of the misfit. Therefore, hereafter, we will not distin-
guish between the inclusions that encompass the regions 
of the highest and smallest solute concentration and will 
treat all of them as being characterized by the misfit f.

Now consider a plastically deformed fine-grained alloy 
with composition undulation approximated by an ensemble 
of spherical inclusions, subjected to a uniaxial tensile load. 
We focus on the typical case where the stress for inclusion 
shearing is smaller than that for the formation of Orowan 
loops. However, we assume that in some cases, screw dis-
locations retarded at inclusions can cross-slip. We assume 
that this is possible if the critical applied load for the shear-
ing of an inclusion by a screw dislocation is higher than 
that for the dislocation cross-slip. Since in the examined 
case of misfit-induced strengthening, the critical stress for 
inclusion shearing by a screw dislocation is much smaller 
than that for a mixed or edge dislocation, the contribution 
of screw dislocations to the yield strength enhancement σi 
associated with inclusions is small compared to those of 
mixed and edge dislocations. Therefore, in the following 
we neglect the effect of dislocation cross-slip on the yield 
strength. Then the stress σi can be presented as [18]

3/2 1/22.6 2 ( / )i iMGf r V bσ = ,	 (1)

where r  is the average inclusion radius, M is the Taylor 
factor, equal to 3.06 for FCC crystals, and b is the magni-
tude of the dislocation Burgers vector.

3.	 FLOW STRESS OF ALLOYS WITH 
COMPOSITION UNDULATION

Now let us calculate the flow stress of an alloy with compo-
sition undulation, where the principle mechanism of plastic 
deformation is the motion of lattice dislocations. The ex-
pression for the true flow stress σf can be presented as

0f i dσ = σ + σ + σ ,	 (2)

where σ0 is the term taking into account the lattice friction, 
the interaction of dislocations with the solid solution and 
the presence of grain boundaries, and σd is the term that 
describes the strengthening due to the forest dislocations. 
The stress σd associated with the forest dislocations is cal-
culated as (e.g., Refs. [19–22])
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( )d pM Gbσ = α ρ ε ,	 (3)

where α is a numerical factor and ( )pρ ε  is the forest dislo-
cation density at the true plastic strain εp.

To calculate the flow stress, the Taylor formula given 
by Eq. (3) should be combined with the equation describ-
ing the evolution of the dislocation density in the course 
of plastic deformation. If the grain size exceeds several 
nanometers, so that the effect of grain boundaries on the 
dislocation slip path can, as a rule, be neglected, the equa-
tion for the evolution of the dislocation density is given 
by [23]

1
2

p

kd M k
d b
ρ  = ρ − ρ ε  

.	 (4)

In formula (4), the parameters k1 and k2 determine the rate 
of dislocation multiplication and annihilation, respective-
ly, and k1 is related to the dislocation mean slip distance l  
as 11/ ( ).l k≈ ρ

In the following, we focus on the case where in the 
absence of inclusions, dislocations slip in a planar manner. 
This case is typical for FCC alloys with a relatively small 
stacking fault energy. We assume that inclusions induce 
the cross-slip of screw dislocations and the activation of 
multiple slip systems, which results in the abrupt decline 
in the dislocation mean slip path (e.g., Ref. [17]). This im-
plies that cross-slipped dislocations increase the value of 
k1. In addition, dislocation cross-slip can also increase the 
probability of dislocation annihilation, which leads to an 
increase in  the value of k1. However, in what follows we 
assume that for annealed fine-grained alloys, the disloca-
tion density is relatively small, and a change in the term 

2k ρ (associated with increased dislocation annihilation) in 
formula (4) is small compared to the change in the term 

1( / )k b ρ  (related to the decline in the dislocation mean 
slip path) in this formula. In this case, the effect of en-
hanced dislocation annihilation (associated with disloca-
tion cross-slip) on the parameter k2 can be neglected.

Let 1
sk  represent the limiting value of the parameter k1 

for the model case where all dislocations are screw, while 
0
1k  denote the limiting value of the parameter  k2 in the 

model situation where screw dislocations are absent  (so 
that any dislocation is either edge or mixed). We suppose 
that in the absence of inclusions, the mean path of screw, 
edge and mixed dislocations is the same, that is, 0

1 1
sk k=

. We also assume that in the case where inclusions are 
present, the value of the parameter k1 can be obtained us-
ing the mixture rule as 0

1 1 1(1 )sk hk h k= + − , where h is the 
proportion of screw dislocations. Next, we assume that 
the quantity 1

sk  linearly scales with the number of cross-
slipped dislocations. Assuming that the dislocation slip 
distance obeys an exponential distribution, the probability 
that a moving screw dislocation encounters an inclusion 
at which it can cross-slip is equal  [24] to ( )0exp /l l− , 

where l0 is the average distance from the initial position 
of a moving dislocation to the inclusion edge, which is 
approximated here by the distance between the centers 
of those inclusions in the dislocation slip plane at which 
screw dislocations can cross-slip. Within this approxima-
tion, one can put 0

1 11/ ( ) 1/ ( )l k k≈ ρ ≈ ρ . Then we have 

( )0 0
1 0 1 00

1 1 1( ) 1 k l k ls pk k e k e− ρ − ρρ = − + ,	 (5)

where 1
pk  is the parameter that characterizes the mean slip 

distance in the limiting case where all dislocations cross-
slip. The distance  l0 is given [25] by 0 2 / (3 )il r V P= π . 
Here P is the fraction of inclusions where screw disloca-
tions are favored to cross-slip. 

To calculate P, we assume that a screw dislocation that 
encounters an inclusion of radius r is favored to cross-slip 
if the average critical applied stress σs for the inclusion 
shearing by a screw dislocation is larger than the critical 
applied stress σcs for dislocation cross-slip  ( s csσ > σ ). In 
the following, we neglect the effect of the inclusion stress-
es on σcs and assume that σcs does not depend on the in-
clusion radius and volume fraction. The stress σs for the 
shearing of an inclusion of radius r by a screw dislocation 
can be obtained from the formulae presented in Ref. [18] as

1/2 3/2
3/2 i

s
rV rAG f
b r

   σ =    
  

,	 (6)

where A is a numerical factor. Using formula (6), we can 
rewrite the condition s csσ > σ  as cr r> , where

3/2 1/2

3/2 1/2
cs

c
i

r b
r

AG f V
σ

= .	 (7)

Now suppose that the radius r of inclusions obeys the 
lognormal distribution with the distribution density [26]

2 2

22

1 (ln( / ) / 2)( ) exp
22

distr
r r sr

sr s

 +
ρ = − 

π  
,	 (8)

where s is the dispersion of ln r. Then the fraction P of 
inclusions where screw dislocations are favored to cross-
slip is equal to the probability that s csσ > σ . The expres-
sion for P has the form

( )
c

distr
r

P r dr
∞

= ρ∫ .	 (9)

Formulae  (5) and  (7)–(9) combined with the expres-
sion 0 2 / (3 )il r V P= π  enables one to obtain the explic-
it expression for the right-hand side of formula (4). The 
solution to equation (4) follows as: 

0 1 2

'( )
( ') ' 'p

b d
M k bk

ρ

ρ

ρ
ε ρ =

ρ ρ − ρ∫ ,	 (10)

where ρ0 is the initial dislocation density. Together with 
formulae  (2) and  (3) that relate the flow stress with the 
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dislocation density ρ, formula  (10) provides the relation 
between the true flow stress σf and true plastic strain εp.

The total true strain ε of a plastically deformed alloy 
is equal to the sum of the elastic strain /f Eσ   (where 

2 (1 )E G= + ν  is the Young modulus of the alloy) and 
the plastic strain εp: / .f pEε = σ + ε  The true stresses and 
strains can be related to the engineering stress σe and engi-
neering strain εe as 1e eεε = −  and / (1 )e f eσ = σ + ε .

Now consider the case where the solid fails due to 
necking. In this case, the onset of necking instability is 
described by the Considère criterion [27] 

/f f∂σ ∂ε = σ .	 (11)

Taking into account that / / f
f f p

p

∂σ ∂ρ
∂σ ∂ε ≈ ∂σ ∂ε =

∂ρ ∂ε
 

and substituting the latter relation and formulae (2)–(4) to 
formula (11), one obtains the following relation describ-
ing the onset of necking: cρ = ρ , where the critical disloca-
tion density ρc can be found from the equation

2
2 1 0(2 ) ( ) 2( )c c iGbM Mk GM kα ρ + = α ρ − σ + σ .	 (12)

The onset of necking instability defines the engineering 
uniform elongation  εc, which describes the value of the 
engineering strain εe at which necking instability appears. 
Also, the onset of necking instability corresponds to the 
maximum at the dependence ( )e eσ ε , which determines 
the engineering ultimate strength  σB. Therefore, the ul-
timate strength  σB and uniform elongation  εc follow as 

( )B e cσ = σ ρ = ρ  and ( )c e cε = ε ρ = ρ . Although uniform 
elongation is smaller than strain to failure, in the follow-
ing we will use this parameter to characterize ductility of 
alloys. 

4.	 RESULTS AND DISCUSSION

Now we calculate the stress  σe for the case of the FCC 
Fe61.75Ni14.25Co7.6Mn7.6Ti2.85Si0.95Cu4.5Al0.5 medium entropy 
alloy, hereafter denoted as Fe MEA, where strengthening 
associated with the composition undulation has recently 
been observed experimentally [28]. We characterize this al-
loy by the following parameter values [28]: G = 78.4 GPa, 
f = 0.376%, b = 0.2548 nm. We also put α = 0.3, Vi = 0.2, 
s = 0.5, h = 0.5, ρ0 = 0, / 15cs Aσ =  MPa and 2r =  nm, 
which corresponds in the examined case Vi = 0.2 to the ob-
served [28] undulation wavelength λ = 11 nm. The quan-
tities of 0

1k , 1
pk , k2 and σ0 are taken as fitting parameters, 

and their values are set as follows: 0
1 0.03k = , 1 0.08pk = , 

2 7.5k = , 0 840σ =  MPa for the aged Fe MEA with compo-
sition undulation and 0 590σ =  MPa for the same unaged 
Fe MEA without composition undulation. The reason for 
using different values of σ0 for the aged and unaged alloy 
is the formation of precipitates due to aging in work [28], 
which increase the yield strength and whose formation is 
not explicitly accounted for in our model.

The calculated dependences of the engineering stress σe 
on the engineering strain εe for the Fe MEA with the above 
parameter values are shown in Fig. 1a by solid lines. Here 
the red solid curve corresponds to the Fe MEA with com-
position undulation, while the blue solid curve describes 
the Fe MEA without composition undulation. The corre-
sponding experimental curves from Ref. [28] are depicted 
in Fig. 1a by the red and blue dotted lines. It is seen in 
Fig. 1a that the calculated curves, which are plotted until 
the point of the onset of necking instability, satisfactorily 
agree with the experimental curves.

The dependences ( )e eσ ε  for the Fe MEAs character-
ized by various values of the average inclusion radius  r  
and a constant value of σ0 (σ0 = 840 MPa), which is taken 
here the same for the alloys with composition undulation 
and without it, are displayed in Fig. 1b. Figure 1b demon-
strates that the flow stress increases with an increase in r , 
which is associated with an increase in the yield strength. In 
the examined case of a relatively high misfit (f = 0.376%), 
the contribution of the inclusions misfit stresses to the 
yield strength (and to the ultimate strength) are dominant, 
while the effect of the inclusion-related strain hardening 

Fig. 1. Dependences of the engineering stress σe on the engi-
neering strain εe for the case of uniaxial tension of the Fe MEA. 
(a) The red and blue lines show the cases of the Fe MEA with 
composition undulation (Vi = 0.2, red lines) and without compo-
sition undulation (Vi = 0, blue lines). The solid lines illustrate the 
calculated dependences, while the dashed lines show the experi-
mental dependences from Ref. [28]. Average inclusion radius is 

2r =  nm. (b) The calculated dependences for different values of 
the average inclusion radius r  (solid curves) and Vi = 0.2. The 
purple dotted curve depicts the case where composition undula-
tion is absent (Vi = 0).
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on the flow stress is smaller. The comparison of the curves 
( )e eσ ε  for the case of composition undulation with the 

case where composition undulation is absent demonstrates 
that composition undulation, in addition to increasing the 
yield strength, enhances strain hardening. The right end 
of the curves in Fig. 1b show the values of the ultimate 
strength σB and uniform elongation εc. It is seen in Fig. 1b 
that the ultimate strength increases due to the composi-
tion undulation, while the uniform elongation can either 
increase or decrease, depending on the value of r .

Figure 2 illustrates the dependences of the ultimate 
strength σB of the Fe MEA on the average inclusion radi-
us  r  for two various values of misfit f and various values 
of the parameter 1

pk  that determines the effect of inclu-
sions on strain hardening. It follows from Fig. 2 that in 
the case of a relatively high misfit  (f = 0.376%), the ul-
timate strength σB increases with r , similarly to the flow 
stress σe (see Fig. 1b). In contrast, for a smaller value of 
misfit (f = 0.1%), the situation can be different (Fig. 2b). 
In this case, for a small value of 1

pk  ( 1 0.05pk = ), when the 
strain hardening effect of inclusions is relatively small, 
the effect of the inclusion misfit stresses on the ultimate 
strength is still higher than the effect related to the inclu-
sion-induced increase in strain hardening.

For this case, the ultimate strength  σB monotonously 
increases with r . At the same time, for higher values of 

1 ,pk  the strain hardening effect of inclusions on the ultimate 
strength can be comparable to that of the inclusion misfit 
stresses. In this situation, σB first decreases and then increas-
es with r , and a high ultimate strength can be achieved in 
the case of either a low or a high inclusion radius, which 
corresponds to either a low or a high composition undula-
tion wavelength. An increase in the ultimate strength with 
a decrease in r  at relatively small values of r  is associated 
with an increase in the number density of inclusions. (At 
a specified volume fraction of inclusions, when inclusions 
become smaller, their number increases.) A higher num-
ber of inclusions leads to higher strain hardening. In turn, 
enhanced strain hardening increases the ultimate strength. 
With an increase in r , strain hardening effect of inclusion 
decays (due to a decrese in their number), while the contri-
bution of the inclusion misfit stresses to the ultimate strength 
grows in accord with formula (1). As a result, the effect of 
the inclusion misfit stresses on the ultimate strength starts 
to prevail over their strain hadening effect. This leads to 
the transition from a decrease to an increase of the ultimate 
strength σB with a growth of r .

The uniform elongation εc is presented in Fig. 3 as a 
function of the average inclusion radius r , for f = 0.1% 
and various values of 1

pk . Figure 3 demonstrates that εc 
increases with a decrease of r  due to both lower yield 
strength and enhanced strain hardening. In addition, εc in-
creases with an increase in 1

pk , which is also related to 
higher strain hardening.

Thus, the calculations demonstrate that composition 
undulation can lead not only to the yield strength in-
crease but also to enhanced strain hardening. These two 
factors differently affect strength and ductility of alloys. 
An increase in the yield strength due to the inclusion 
misfit stresses is stronger at a high average inclusion ra-
dius  (which also implies a high undulation wavelength) 
and increases the ultimate strength but reduces ductility. 
Meanwhile, enhanced strain hardening due to the disloca-
tion cross-slip at inclusions is more pronounced at a small 
average inclusion radius  (which also means a small un-
dulation wavelength) and can increase both the ultimate 
strength and ductility of alloys. 

The calculations also demonstrate that if composition 
undulation can induce significant strain hardening, the 

Fig. 2. Dependences of the ultimate tensile strength σB of the 
Fe MEA on the average inclusion radius r , for Vi = 0.2, various 
values of the parameter 1

pk , f = 0.376% (a) and 0.1% (b).
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high ultimate strength can be achieved not only at a high, 
but also at a small undulation wavelength (Fig. 2b), and 
such a small undulation wavelength will provide higher 
ductility (Fig. 3).

 5.	SUMMARY

Thus, we have suggested a model that describes tensile 
plastic deformation of fine-grained alloys with three-di-
mensional composition undulation. We examined the case 
where composition undulation can not only increase the 
yield strength due to the misfit stresses but also promote 
the transition from planar to wavy slip, which can de-
crease the dislocation mean path, thereby increasing stain 
hardening, yield strength and ductility. It is demonstrated 
that depending on the values of the misfit f and the param-
eter 1

pk  describing the effect of inclusions on strain hard-
ening, the maximum ultimate strength can be achieved ei-
ther at low or at high values of the composition undulation 
wavelength. The uniform elongation can either increase 
or decrease due to the presence of inclusions and slightly 
decreases with an increase in the undulation wavelength. 
The model demonstrates that dislocation cross-slip asso-
ciated with the composition undulation can increase strain 
hardening and thereby increase both strength and ductility 
of alloys. 
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Деформационное упрочнение в мелкозернистых ГЦК сплавах, 
вызванное неоднородностью состава
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Аннотация. Предложена модель, описывающая пластическую деформацию при растяжении мелкозернистых сплавов с 
ГЦК структурой и трехмерной модуляцией состава. В рамках модели модуляция состава аппроксимируется сферическими 
включениями, которые охватывают области с наибольшей и наименьшей концентрацией растворенного вещества. 
Предполагается, что эти включения могут повышать предел текучести за счет напряжений несоответствия и, кроме того, 
инициировать поперечное скольжение винтовых дислокаций, которые в отсутствие включений движутся в параллельных 
плоскостях скольжения. Активация дополнительных систем скольжения дислокаций уменьшает среднюю длину скольжения 
дислокаций, что увеличивает плотность дислокаций, повышает деформационное упрочнение и, следовательно, увеличивает 
предел прочности и пластичность сплавов. Показано, что максимальный предел прочности может быть достигнут как при 
низких, так и при высоких значениях длины волны модуляции состава, в то время как величина равномерного удлинения 
незначительно уменьшается с ростом длины волны модуляции состава.
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